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CONJUGATE POINTS AND SIMPLE ZEROS FOR
ORDINARY LINEAR DIFFERENTIAL EQUATIONS

BY
THOMAS L. SHERMAN()

I. Introduction. In a very interesting paper in 1958, Hartman proved the
following result [2]:
The equation

m L,y = Y™ +pa1()y® P+ +po(x)y = 0

with p, € C(a, b), has a nontrivial solution with n zeros, each being counted in
accordance with its multiplicity, if and only if there is a solution with n distinct
zeros on (a, b).

Left as an open question in that paper was the question of whether the resuit
remains true when the restriction that the interval be open is removed. The answer
to this question is given in §4 of this paper. In addition there is the problem of
giving a more exact description to the solution with n distinct zeros, that is, does
there exist a solution with exactly n distinct zeros all of which are simple? Also,
can the first zero be specified ? These latter two questions are answered in §2, and
more specifically by

THEOREM 1. Suppose there is a solution of (1) with a zero at a and n zeros on [a, b).
Then there is a solution with a simple zero at a whose first n zeros on [a, b) are simple
zeros.

In §3 the results of §2 are applied to establish the continuity of the first conjugate
point 7,(¢) of the point ¢ with respect to the coefficients in (1). In [5] it was estab-
lished that 7,(2) is an increasing function of ¢. The techniques used there could be
used to show 7,(¢) is a continuous function of ¢, however an easier proof is pre-
sented here using the results of §2 (see also [3]).

In §5 is discussed the consequences of the existence of a solution of (1) with »
distinct zeros on [a, 7,(a)]. As is shown in §4, such a solution need not necessarily
exist.

The results of this paper are stated in terms of equation (1) but could just as
easily be stated for a more general equation as in [6].

2. Existence of a solution with simple zeros. To begin with a lemma dealing
with the behavior of real valued functions is proven.
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LeMMaA 1. Let f(x) and g(x) be functions with the following properties:
(1) g(x) has a zero of order ¢20 at x = a and g*9(a)>0,
(i) f(x) has a zero of order p>q at x=a and {**)(a) >0,
(iii) f(x) and g(x) are positive on (a, b},
(iv) f(x), g(x) € C[a, b].
Then given any o> 0 there is a constant ¢, 0 < ¢ < « such that h(x)=f(x)—cg(x) has a
simple zero at some point t. € (a, b) and h(x)#0 for x € (¢, b].

Proof. Let «> 0 be given. By (i), (ii) and (iv) there is an ¢>0 such that f*(x) >0

and g9(x)>0 on [q, a+¢]. Let
o; = min fe, min f(x)/2 max g(x)}.
xela +¢,b] xela +&,b)

Then for any ¢ = «y, h(x)=f(x)—cg(x)>0 for x € [a+e, b]. Let ¢, be the last zero
of h.(x) in [a, a+¢), 0<c=c,. It shall now be shown that the map H,:c— . is
1-1 and ¢, is an increasing function of ¢. In fact the latter will obviously imply the
former which is itself immediate since 0<c; <c, implies by (iii) ¢,8(x) < czg(x),
hence h.,<h,., and hence ¢, <t.,. Also t.— a as ¢ — 0. Further, since H_ is 1-1,
and (0, «,] is uncountable, so is the image set of elements ¢,. Hence there is an
infinite number of distinct limit points {r}; ., > t.,> - - - converging to a as j — oo,
for which there is a set of image points ., — t, as i — oo for each j=1, 2, .. ..

Suppose now the lemma is not true. Then each image point ¢, corresponds to a
zero of order at least two of A, and hence a zero of

Sx) g
fx) &)
Hence, since W is continuous along with its first p—1 derivatives, W(t.)=0 and
by Rolle’s theorem W®(t,)=0 for k<p, j=1,2,.... It is immediate that
c;=f(t.)/g(t)=1"(t.)/g (t;,). Note that h(t.)=0 and f’(¢.)>0 implies g'(z.,)#O0.
Suppose now that it has been shown that c,=f(t.)/g(t.)= - - - =f*(z.)/g* (1),
and g*(t.,)#0 where 0 <k <p. Hence

fo) g
fOe,) g9,

W(x) = at x = t,.

=0, 0sr<s=Z£k<p

Now
fx) g
F9>x)  g%(x)

Jx) gx)
fU+D(x)  gle+D)(x)

Evaluating W%(x) at x=t,, this becomes

f.,) g(t)
f(k + 1)( tc,) g(k + 1)(tc;)

W(x) = +(k-1)

W) = 0 =
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Hence f(t.)g%* V(t.,)—f** V(2. )g(t.,)=0. If g**1(t,)=0 then f**V(s,)=0 but
k+1=p hence f**V(x)>0 for x € (a, a+e], hence g**1(z,)#0. Thus

f(k+ 1)(tc ) f(k+1)(tc,)
f(lc,)—g(kT)(tci) g(tc,) =0 and ¢ = m for all k < p.

Hence A, has a zero of order p+1 at ¢.. Now letting j — 0, k., — h, also has a
zero of order p+ 1 at x=a which is impossible since 4q(x)=f(x)(?).

REMARK. A similar result holds if the roles of a and b are interchanged.

A series of seven lemmas are now proven which lead up to Theorem 1. Some of
the results presented as lemmas are of interest in their own right.

To avoid repetition, it shall be understood that by the term solution is meant
nontrivial solution.

For completeness the following definition is included.

DEerINITION 1. The first conjugate point 7,(a) of the point a is the smallest
number b > a for which there exists a nontrivial solution of (1) which vanishes at a
and has n zeros, counting multiplicities in [a, b].

It has been proven [5] that if there is a solution with n zeros on [a, o) then
n:(a) exists.

LEMMA 2. If n= 3 and there is a solution of (1) with n zeros on [a, b) then there is a
solution of (1) with n zeros on [a, b) which vanishes at a and has at least one zero in

(a9 "11.(0))-

Proof. Suppose this were not the case. Let ¢(x) be a solution of (1) with a zero
of order k;, (1 £k, <n), at a and a zero of order k, = n—k, at n,(a) <b. It is known
that for some k, such a solution exists [5]. It can further be supposed that ¢(x)>0
on (a, 7,(a)). :

Case 1. ky=1. Let ¥(x) be a solution of (1) with zeros at a and (a+7,(a))/2 of
orders k; —1 and 1 respectively. By supposition ¥ has no other zeros on [a, b).
¥(x) can be chosen positive in (a, (a+7,(a))/2). Hence there is a point s, 7,(a) <s;
< b at which ¥ and ¢ have the same sign and hence so do ¢ and o¥ for any «>0.
Also for any a >0, «'¥ crosses ¢ at least once in (a, (a+7,(a))/2). Pick «=¢(s,)/¥(s;)
then z=¢—o¥ has zeros at a and s, of orders k;,—1 and 1 and a zero in
(a, (@a+m1(a))/2). A total of n zeros in (@, b) and a zero in (a, 1,(a)) which is a
contradiction.

Case 2. k> 1. Let ¥(x) have a zero at »,(@) of order k,—220, at (a+1,(a))/2
of order one, and at a of order n—(k,—2)—2=<k,. Note that n—(k;—2)—2>0.
¥ has been assigned n— 1 zeros, hence by assumption it has no other zeros on [a, b).
It can be assumed that «¢¥" >0 on some interval [(s;, 7,(a)) Y (7:(a), s3)] where
(a+mn1(a))/2< s, <my(a)<s,<b, and « is any positive constant. Let

a = min (¢(s1)/¥(s1), $(s2)/¥(s2))

(?) The author would like to thank Grant Gustafson for the proof given here of Lemma 1.
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then z=¢—c¥ has a zero at a of order n—(k,—2)—2>0, at »,(a) of order k,—2;
a zero in [s,, 7:(a)) of order at least one and in (5,(a), s.] a zero of order at least one.
A total of at least n zeros with a zero in (a, 9,(a)) and a zero at a.

LEMMA 3. Suppose there is a solution ¢ of (1) with n zeros on [a, b), a zero at a,
and R—1 distinct zeros on [a, v,(a)). Suppose also no solution of (1) with a zero at a
and n zeros on [a, b) has more than R—1 distinct zeros on [a, n,(a)). Then the zeros
of ¢ in (a, v,(a)) are simple zeros.

Proof. Suppose ¢ has R+p distinct zeros, p=0, at the points a=#, <t,<---
<tp.+p Where 1,_,<m(a)Sty and tz,,<b, of multiplicities my, my, ..., mg,,
where 3 cpip M <n=<3<p.+p, m; and ¢ has no other zeros on [t;, fx . ,]. Suppose
the lemma is not true. Then there is a j, 1 <j< R, such that m;> 1.

Let ¥(x) be a nontrivial solution of (1) such that ¥ has a zero at ¢; of order
m;—2 and ¥ has a zero at (t,_, +1;)/2. Assign n—m; more zeros at t,,..., t;-,
t,41,-- -, tp+p Dy assigning zeros at the t; (i%j, i < R+p) of orders m,, then assign
zeros at fp,, until a total of n—1 zeros have been assigned to ¥ in [t;, tz, ;).

Since W(x) has at least R—1 distinct zeros in [a, 5,(@)) including a zero at a and
a total of n—1 zeros in [a, b), ¥ cannot have another distinct zero in [a, 7;(a))
nor can it vanish at ¢; with a zero of order greater than m,—2, hence ¢ and ¥ have
no zeros in common on [g, t,,) other than those assigned above.

Let y=(t;-,+1,)/2 and let §=min {¢;,,, n:(a)}. Since ¢(x) and —¥(x) are both
solutions and the zeros of ¢ and ¥" at 7, are both even or both odd it can be assumed
that ¢(x)¥(x)> 0 for x € (y, t;) U (1}, 8) and ¥ (x)>0 for x € (¢,, 8) (hence ¢(x)>0
for x e (t;, 8)). Now since y>t;_; and ¢™~2(t;)=0<¥™~2(z)), for any «>0,
¥ ™ =2(1,)> ™~ 2(t;) and «¥(y)=0<|4(y)|. Hence for any positive « there is a
Xz € (y,1;) such that o¥(x,)=¢(x,). Let a=¢((t;4+8)/2)/¥((t;+8)/2)>0 and
z2(x)=¢(x)— ¥ (x). Then z(x) is a solution of (1) with zeros at ¢, t,,. .., Xg, t;,
(#;+8)/2, t;41, ..., th+p and a total of n zeros in [, t5.,). But 2(x) then has R
distinct zeros in [t,, ,(a)), contradicting the maximality of R.

LEMMA 4. Suppose there is a solution of (1) with n zeros on [a, b), a zero at a, and -
R—1 distinct zeros on [a, 1,(a)). Suppose also no solution of (1) with a zero at a and
n zeros on [a, b) has more than R—1 distinct zeros on [a, n,(a)). Then there is a
solution of (1) with a simple zero at a, R— 1 distinct zeros in [a, v,(a)), and n zeros on
[a, b).

Proof. By Lemma 3 any solution with » zeros on [a, ), a zero at a, and R—1
zeros on [a, 7,(a)) has only simple zeros in (g, 7,(a)). Let S={m | there is a non-
trivial solution é(x) of (1) with n zeros on [a, b), R—1 zeros on [a, 7,(a)) and a zero
of order m>0 at x=a}. Let m, =min m € S. Suppose, if possible m; > 1. Let ¢(x)
be a solution of (1) having zeros at a=1t, <t,<--- <tz <tp<--- <tp,p Where
tp-1<m(a)Sty and tz,,<b, of orders my, my=1,...,mp_1=1, mp, ..., Mgy,
where 3 p4p M <n=Di<p+p M. Let ¥(x) be a solution of (1) having zeros at t,,
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(i +12)/2, 15, .. .ytg1ytry-. s trep Of orders my—1,1,my, ...,mp_;,my, ...,
n—73<r+p mi—1. ¥ has been assigned n—1 zeros and can have no others by the
maximality of R. There are two cases.

Case 1. mg,,—(n—3 <p+p m—1)>01is even. Then thereis an e, 0<e<b—1tz,,
such that |¥(x)| > |#(x)| >0 for x € [tpsp—¢, trsp) Y (tr4p tr+p+e]. Since both
—¢ and — ¥ are solutions it can be supposed that ¥'(x)¢(x) >0 in this set. Let

o = min {¢(tr+p— &)Y (tr+r—2), $(tr+p+ &)V (trsp+e)}

Then o¥'(x) crosses ¢(x) at least once in [tz,,—¢, fz+,) and at least once in
(g +p tr+p+e]. Let these points of intersection be 7, and #;. Then z(x) =#(x) — «¥(x)
is a solution of (1) with zeros at #;, g, ..., 251, g, ..., 1, tp+p, iz Of orders
my—1,ps ... Pre1,PRs s P1s B— Di<r+p Mi—1, s where p,=m, and p, 21,
P22 1. z(x) has a total of at least n zeros in [a, b), R—1 distinct zeros in [a, 7,(a))
and a zero at a of order m; — 1 contradicting the minimality of m,.

Case 2. mp,,—(N—2Ji<r+epm—1)>0is odd. Since —¢ and —¥ are solutions
it can be assumed that ¢(x) >0 and ¥(x) >0 for x € (¢,, (¢, +12)/2). Since m; — 1 <m,
and ((t; +£5)/2) > ¥ ((t, + 15)/2) =0, it follows that, for any a>0, «¥'(x)=¢(x) for
some X, € (t;, (#; +13)/2). Since mp,,—(n—2<r+pm—1) is odd there is an e,
O<e<b—tp,, such that ¢(x)¥(x)>0 for x € (tgsp, tr+p+e] and [¥(x)|>|p(x)]|
in that interval. This follows since both ¢ and ¥ have 3, .z, , m; zeros in [q, 15, ,),
21<i<Rr+p M; Z€ros in common in [, tz . ,), both start out with the same sign, ¢ has
one more zero at x=a and ¥ has a zero of order one at x=(¢, +1,)/2 where as
¢ does not vanish there. Let a=¢(tz ., +¢)/V(¢r,,+¢) then z=¢— ¥ has zeros at
Ly Xas tay o oy tRap—15 R4 p trep+e& Of orders at least my—1,1, my, ..., Mg p_y,
n—72.r+p m—1, 1. A total of n zeros in [a, b), a zero at a, and R distinct zeros in
[a, 7,(@)), contradicting the choice of R.

LEMMA 5. Let the following hypothesis be satisfied:

(i) There is a solution ¢(x) of (1) with n zeros on [a, b), a simple zero at a, R—1
distinct zeros on [a, 7,(a)), and its first n zeros occur at R+ p distinct points.

(ii) No solution of (1) with a zero at a and n zeros on [a, b) has more than R—1
distinct zeros on [a, n,(a)).

(iii) No solution of (1) with a simple zero at a, n zeros on [a, b) and R—1 distinct
zeros on [a, 1,(a)) has its first n zeros occurring at more than R+ p points.

(iv) Let the first n zeros of ¢ occur at points a=t,<ty<---<tgp,, of orders
my=1,my=1,...,mg_1=1,mg,...,mp,, (by Lemma 3) where 3, .z.,, m<n
S2isrep My

Then, mg=mp,1=---=mp,,,=1,ifp21.

Proof. Suppose there is a j, RS j< R+p such that m;> 1. Let j be the smallest
such integer.

Let ¥(x) be a solution of (1) such that ¥(x) has a zero at ¢, of order m;—2 and
W(x) has a zero of order one at (¢, +1;)/2. Assign n—1—(m,~1) more zeros at



402 T. L. SHERMAN [December

tiy oy o5 tiz1, Lis1s - - -5 tpap DY assigning zeros at the t; (i#j, i< R+ p) orders m;,
then assign zeros at 7., until a total of n—1 zeros have been assigned to ¥ in
[t:, tr+p)- This can be done since

m+m;—2+1 = z m—-—12z2n-1> Z m;—1

iSR+pii+] iSR+p i<R+p

= Z mi+m;—2+1.
i<R+pii#j
¥(x) can have no other zeros in [a, b) by the choice of R (note that j= R).

Since both —¢ and —¥ are solutions it can be assumed that ¢(x)¥(x)>0 for
x€e(tj-1, 1) Y (15, t;4+1). Since ¢ and ¥ have the same order zero at t=a and, by
the minimality of j, ¥ has one more zero than ¢ on [q, t;), namely the zero at
(1, +15)/2, it follows that ¢™(a)¥™(a) < 0. Also for any constant « >0, there is an
£>0 such that «|¥(x)|>|¢(x)|>0 for xe[t,—e, 1) U (), t;+¢,] where t,_;
<li—g,<li<ly+e,<tj;;.

Let
é(1,— 1) , (1, +¢1) ,
2¥(1,— ;) 2¥(1,+¢,)

(1,

o = min Z‘F(m‘)(ti)

i %54}

and let z,=¢—a¥. Then z, has a zero in (f,—¢,, ¢;) and a zero in (¢}, t,+¢,). Fur-
ther z, has zeros at t,, 1,,. . .,z , and a total of n zeros in [t,, 7z, ,] since $ and ¥
had n—2 zeros in common. Since z;=¢— 8Y has the same properties for 0 <8< «,
it must only be established that for some B in this range, z; has no other zeros in
[tl’ tR+p]'

By the way « was chosen, there exist 8, >0, 8,>0, ..., 6z,,>0 such that

[$(x)| > B|¥(x)|
R+p-1
for x (s, 14810 { U ([16=8, 1) U (6 14 8D} U [rnen— 85 1)
for 0<B=<c Also |¢(x)|>0 on UFEA -1 [ti+8, ti41—8,4,]=S. Let B, be
defined by
B, = min {min |$(x)|/2 max |¥(x)|, a}
x€eS xeS

then on S,

¥ ()] ()]
ks [P09] = Wn 5 < B

Bil¥(x)| = (Te‘? l¢(2x)|)

Since it has already been established that
[$()| > BI¥(x)]
for x €[ty, trap) = [SU{ts, .., trup} Ut 14 8,1, 1) U (8, 51— 8541)]

and 0 <B<B,, it must only be shown for some B in this range, z,(x) =¢(x) — BY(x)
has only one zero in (7,_,, ;) and only one zero in (¢, ¢,,,) and these are simple
zeros.
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Suppose this were not the case. Let #; be the first zero of z; in (¢;,_1, ;) and i,
be the last zero of z, in (¢, t;.,). z; has a zero of order m;—2 at 1, hence by sup-
position and by Rolle’s theorem z{™~2, z{™» -V, zim all vanish in (¢4, #;). Also
tg—t; and i, — t; as B — 0. Thus, letting 8 — 0, z,(x) has a zero of order m;+1
at ¢; which is impossible since z,(x)=#(x). Hence the desired B exists. But for this
B, z; has a simple zero at a, R—1 distinct zeros on [a, 7,(a)] and its first n zeros
occur at, at least, R+p+ 1 points contradicting the maximality of p.

LEMMA 6. Let the hypotheses (i), (ii), (iii) and (iv) of Lemma 5 be satisfied. Also
let

(v) mg., have minimum value over all solutions of (1) satisfying (i), (ii), (iii)
and (iv).

Then, if p21, mp, ,=1.

Proof. Let ¢(x) be a solution satisfying the hypothesis of the lemma. Suppose
the minimum mpy,,> 1. Let ¥(x) be a solution of (1) with zeros at ¢, (¢, +15)/2,
Loy s tpip-o tgepof orders my, 1, my, ..., mp p_o,n—(R+p—1)—1<my,, (by
(iv)) (remember, by Lemma S, m;=1, i=1, 2,..., R+p—1). By the maximality of
R, ¥ can have no other zeros on [a, b). Since —¢ and — ¥ are also solutions, it can
be assumed #(x)>0 and ¥'(x)>0 on (¢4 ,-1, fz+,). Hence

Y(trip-1) > H(trip-1) =0, ) [FO-B=P)tp, )| > $™ 2Pty ,) = 0.

Thus, «¥ starts out greater to the left of 7, , , than ¢ for any «>0. Thus there is an
>0 such that for any B, 0<B<a, BY¥((tpsp-1+1r+p)/2) <B((trs+p-1+1r+5)/2)
and hence thereis an x; € (tg4p-1, (tr+p-1+1r+p)/2) and an %5 € (tgs p—1 +1r4+p)/2,
tr+p) such that @(xs)=p¥(x;) and 4(%;)=pY¥(%,). Note also B;#pB, implies
X, #Xg, and X; # Xg,. Pick «; =min {e, [¢'(t)|/2|¥'(2)| (i=1,2,..., thsp-2)}

On [t,, t,], ¥ has one more zero than ¢ and on [t,, t,,_,] they have the same
number of zeros. Hence ¢ and ¥ have opposite signs on (fz, tg4p-2)—{ts, ...,
Iz +p-3}. Also ¢(x)#BY(x) for x € (¢, t,) since this would imply z;=¢—BY¥ had n
zeros and R distinct zeros in [a, 1,(a)), contrary to the choice of R. It will now be
shown that there is an «g, a; > ;> 0, such that if 0 <8 < a,, then z; has exactly one
zero, a simple zero, in (tg4p-1, (tr4p-1+2tr+p)/2]

If this were not the case then there would exist a sequence 8, — 0 as i — oo such
that if x,, is the last zero of zj, in (fg+p-1, (f+ -1+ 8+ )/2] then zj, vanishes, by
Rolle’s theorem, in (tz. -, x5,]. But since xz — tz,,-, and Zg, —>¢ as i — o0,
this implies ¢ has a double zero at ¢, ,_, which is impossible by Lemma 5. Hence
ap >0 exists.

Now, by Lemma 1, there is a 8, 0 <8 < «, for which z; has for its first zero %, in
[tR+p-15 tr+p) @ simple zero. Hence z; has zeros at £, ty, ..., tgyp_25 Xg gy Lrsp
of orders my, my, ..., Mz y,_o, 1, 1,n—(R+p), a total of n zeros at, at least,
R+p points. If n—(R+p)=0 then z; has as its R+pth zero a simple zero,
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contradicting the minimality of my,,. If n—(R+p)>0 then z; has » zeros at, at
least, R+p+1 points contradicting the maximality of p.

LEMMA 7. Let the hypothesis (i), (ii), (iii), (iv), and (v) of Lemma 6 be satisfied.
Assume also if n,((a+n1(a))/2) exists (note that m(a) is an increasing function of a by
[3]) then n,(a) < b<n,((a+711(a))/2). Then R=n, if p=0.

ReEMARK The last assumption of this lemma is not a significant restriction
since none of the previous results depended on b and 7,(a) < b always holds.

Proof. Suppose this is not the case. Then R<nand mp=n—(R—1)> 1, and hence
mp—[(n—R)—1]=2. There are two cases.

Case 1. myg—[(n—R)—1] is even. Let ¥(x) be a solution of (1) with zeros at
ty, (i +125)/2, ts, ..., tg_q, ty Of Orders my, 1, my, ..., mpy_;, n— R—1<my, a total
of n—1 zeros and R distinct zeros in [a, 1,(a)). Hence ¥ has no other zeros on
[a, b). It can be assumed ¢(x)¥'(x)>0 for x € [tr—e, tz) U (¢, tr+¢] for some
e>0 chosen so that 1;_, <tp—e<tz<tz+e<b. Also for each B, 0<pB, there is an
e5 such that 0< |é(x)| <B|¥(x)| for x € (tr—e4, tr) U (tr, tr+¢5). Pick

« = min {$(1z—&)/2¥ (1 — ), d(1r+)[2¥ (1r +e), [¢'(0)|/21Y' (1) (i < R)}-

Then, using the same technique as used in Lemma 5, there is a B;, 0<B; <«, such
that for 0<B=B,, z;=¢—BY has no zeros in [7,, 1z — €] other than simple zeros at
t3,...,tp-1. By Lemma 1 there is a 8, 0<B8<8, for which the first zero of z; in
[trn—e, 1) is a simple zero. Since z, also vanishes at least once in (¢, 1z +¢), 2; has
n zeros on [a, b) and its first n zeros at, at least R+ 1 points, contradicting the
assumption that p=0.

Case 2. mp—[(n—R)—1] is odd. Let ¥, be a solution of (1) with zeros at
ty,tgy ..., tg_1, Sy, I Where 1z27,(a)>s,>max ((a+mn,(a))/2, tp-,) of orders
my, Mg, ..., Mp_1, 1, n— R<my, a total of n—1 zeros with R—1 distinct zeros in
[a’ "71(‘1))-

If ¥, has no other zeros in (a, t] then it can be assumed that ¥'; >0 and ¢é(x)>0
for xe(t, ;). Let a=min{|¢'(2)|/2|¥(%)| (<R} (f ¥i(a)=0 the term
|¢'(11)]/2|¥'1(2,)| can be omitted). Then, since on [z, tz_;], ¢ has one more zero
than ¥, and on [tz_,, ?z), ¢ has one less zero than ¥, forany B,0<B S, 2 =¢ — Y
has a zero at some point x; € (t,, #5) and a zero at some point X; € (s, #5) in addition
to simple zeros at t,, #5, . . ., tx_, and a zero at t of order n— R, a total of at least
n zeros. Further the zero at x, is simple by Lemma 3 and by Lemma 1, 8 can be
chosen so that the zero at X; is a simple zero and z, has no other zeros in [a, X;).
Thus z; has n zeros, a simple zero at a, R—1 distinct zeros on [a, ,(a)), and its
first n zeros occur at, at least, R+ 1 distinct points contradicting p=0.

If ¥, has another zero in (a, tz] it occurs in [,(a), tz]. First suppose 5> 7:(a)
and the additional zero occurs in [7,(a), 1z). Let the first zero of ¥, in (s;, ;) be at
Y1, 71(@) £y;. It may be assumed that ¢¥ >0 on (sy, v,). Let y, € (s, 7:(a)) and let
e=min {|¥(1))|/2|¢'(1)| (i< R), ¥(y2)/2¢(y.)}. Then z;="¥ — B¢ for any B, 0<B=e
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has simple zeros at #;, #3,..., ¢z-, and (by Lemma 3) at some point y; € (s,,y2)
in addition to a zero in (y,, y;) and a zero of order n— R at ¢, a total of at least
n zeros on [t,, t;]. By (ii) z; has no other zeros on [#, y,]. By Lemma 1, there is a
B1, 0< By S e, such that z, has for its first zero in [y,, v,) a simple zero. Hence z;,
has its first # zeros occurring at, at least, R+ 1 distinct points, again contradicting
p=0. '

Now suppose t;=n7,(a) and ¥, has an additional zero at t;. Hence ¥, and ¢
have n—1 zeros in common and R—2 common zeros on [a, 7,(a)). It can be
assumed that é¥'>0 on (s, #z). Let 5 €(sy, mi(a)) and let z,(x)=¢(x)
= ($(3,)/¥1(5))¥1(x) where 5, is chosen so that ¢'(z,)/¥(t)#$(5:)/ Y1) (if

1(t;)=0, this is of course a superficial requirement). Note, this ratio is not
constant on (s, 7,(a)) since ¢ and ¥, are linearly independent by the way which
¥, was chosen. z;(x) has n zeros on [q, ¢;], a simple zero at a, and R—2 zeros on
(a, n1(a)) which by Lemma 3 are simple zeros. Repeat the above procedure, starting
with case 1, with z, taking the place of ¢ and ¥, being replaced by ¥',, a solution
with zeros at t;, ty, ..., tp_1, 51, 59, tg, Where n,(a)>s,> 5, of orders m;, my, .. .,
mg_1, 1, 1, n— R<mjy. After at most R—2 steps we have a zp_,, with zeros at
ty, 51, 895 . .., Sp_q, ty of orders my, 1,1,...,1,n—R+1, which cannot have
another zero at t, since (@a+7,(a))/2<35, <5< - <Sp_g<tp<m(a+mn.(a))/2.
Hence the zero of z,_, at t; is of order exactly n— R+ 1. However my—[(n— R)—1]
22 and is odd hence mp—[(n—R)—1]23 thus mp—[n— R+1]2 1 contradicting
the minimality of mj.

LEMMA 8. Let the hypothesis of Lemma 7 be satisfied. Then if p=0, mp=1.

Proof. From Lemma 7, R=n. Let #(x) be a solution of (1) with zeros at
a=t,<ty<---<tp of orders my=1,...,mg_,=1, my. Suppose my>1. Since
m:1(a) is an increasing function of a, 7,(t;) > n,(a), hence ¢(n,(a))#0 and 5> n,(a).
Let ¥;(x) be a solution of (1) with zeros at t,, t5, ..., t,_q, 5;, Where 7,(a)>s,
> max ((@+m,(a))/2, t,-;) of orders m,=1,mg=1,...,m,_,=1,1, a total of
n—1=R-—1 zeros, all distinct on [a, 7,(a)). Clearly ¥, has no more zeros in
[a, m1(a)). Since 7,(a) is an increasing function of a, if ¥,(9,(a))=0 it is a simple
zero and the proof is complete. Similarly if ¥, vanishes in (7,(a), b) and its first
zero in that interval is simple, the proof is completed. Hence either ¥, vanishes in
(:(a), b) with a multiple zero as its first zero in that interval or ¥, does not
vanish in (5,(a), b).

Suppose first ¥} does not vanish in (n,(a), ). It can be assumed #(x)¥;(x)>0
on (ty, t3) Y (51, t,). Then since |¥'(t,)| > |4(1,)| =0 and |¢(s,)| > |¥,(s,)| =0, for
any a>0, o'¥(x)=¢(x) for some x,€(sy,t,). Further if « is chosen so that
a<¢'(t)/¥(t,) (note ¥i(t;)#0) then «¥,(x)=¢(x) for some ¥, e (t,, ;). This
follows since for « in this range || starts out larger to the right of , than |¥,],
but |4 vanishes (at the point 1,) before |'¥';|. Then z,(x)=¢(x)— ¥ ,(¥) has zeros
atty, X, t3,..., t,_1, a total of n—1 zeros in [a, 7,(a)]. Hence z, has no other zeros
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in [a, n,(a)]. Clearly z;, 0<B=<c has the same properties. Lemma 1 can now be
applied to show there is a B in this range for which z; has as its first zero in
[71(a), t,) a simple zero, completing the proof.

Suppose now ¥'; does vanish in (n,(a), b). Repeat the above proof of this lemma
with ¢ replaced by ¥,, and ¥, replaced by ¥,, a solution with zeros at 7, t,, .. .,
51, S2, Where s, < s, <7,(a). After at most n— 2 repetitions a solution ¥, _ is found
with zeros at t,, 5y, So, . . ., S,_o Where t; <(@+1,(2))/2<8; <8< - -+ <85 <m1(a).
¥, _, cannot have a multiple zero in (7,(a), b) since if it did ¥',_, would have n
zeros in ((a+7:(a))/2, n,((a+7,(a))/2)) which is impossible. Hence repeating the
proof for this solution leads to the desired conclusion.

THEOREM 1. Suppose there is a solution of (1) with a zero at a and n zeros on |[a, b).
Then there is a solution with a simple zero at a whose first n zeros on [a, b) are simple
zeros.

Proof. If =,((a+7:(a))/2) exists let b, € (n:(a), b) N (m:(a), ni((@a+n:(a))/2)).
The remainder of the proof consists of reading the statements of Lemmas 2, 3, 4,

5, 6, 7, and 8 with b replaced by b;.

3. Continuity of 7,(a). Using Theorem 1, it shall be shown that ,(a) is a
continuous function of a and the coefficients in (1). First a lemma which follows
from the results of [5] will be established.

LEMMA 9. Let a be any point for which n,(a) exists; then for any b>n,(a), there
is a ¢>a such that n,(c)=>b.

Proof. This follows from Theorem 6 of [5] after the change of variables 1= —x.
THEOREM 2. 7,(a) is a continuous function of a.

Proof. Let ¢>0. By Theorem 1 there is a solution ¢ of (1) with a simple zero at a
whose first n zeros on [a, 7,(a)+¢) are simple zeros. Let these first n zeros be at
a,=t,<ty<---<t, (<y(a)+e¢). Let t,,,=min {n,(a)+¢/2, min b>¢, such that
¢(b)=0}. Since a constant times a solution is again a solution it can be supposed
that e<min {maX,eq, s, , 3 19(x)], (=1, 2,..., n)}. Since solutions are continuous
functions of these initial conditions there is a 8, >0 such that if a, € (a—8,, a+8,)
and ¥'is a solution of (1) satisfying ¥'(a,) = ¢“a, i=0, 1, . . .,n— 1, then |$(x) — ¥(x)|
<e for x € [a—e, n,1(a)+¢] (see [4, p. 56)). It follows that ¥" must vanish in each
of the intervals (f;—e¢, t;+¢), i=1, 2, ..., n. Hence ¥ has n zeros on [a;, n,(a)+¢)
and hence 7,(a;) <7m,(a)+e. If a,>a then since 7,(a) is an increasing function of
a, 7y(a,) € (n:(a), (@) +¢). If a;<a then my(a;)<my(a). If ny(a;)>mni(a)—e pick
d=|a—a,|. If n(a;)Sm(a)—e then by Lemma 9, 7,(a)—¢/2=n,(c) for some
ce(ay, a) in which case let 8=|a—c|<|a—a;|. Hence for any x such that
|x—a| <8, |n:(@)—7n.(x)| <&, which completes the proof (for another proof of this
result see [3]).
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THEOREM 3. 7,(a) is a continuous function of the coefficients p|(x),i=0,1,...,n—1.

Proof. Let ¢>0. Let ¢ be a solution of (1) with a simple zero at a whose first n
zeros on [a, n,(a)+¢) are simple zeros. Let these first n zeros of ¢ be at a=1t, <t,
<---<t,. Let t,,,=min{y(a)+¢/2, minb>1t, such that ¢(b)=0}. Since a
constant times a solution is again a solution it can be supposed that

e <min/ max |¢(x)| (i=1, 2,...,n)}.

x€lti,ti+1]

Since solutions are continuous functions of their coefficients, there is a § >0 such
that if |g,(x)—pi(x)| <8 for x € [a, n;(a@)+¢] and i=0,1,...,n—1,and y, (x) is a
solution of (1) and z,(x) is a solution of

n-1
o)) 24+ > g0z =0

i=0
satisfying y{’(@)=z{(a), i=0, 1,...,n—1, then | y,(x)—z,(x)| <e for x€[a, n,(a)+e].
Let ¥(x) be the solution of (2) satisfying ¥¥(a)=¢%(a), i=0, 1,...,n—1. Then
Y¥'(x) has n zeros on [a, n,(a) +¢). Hence if 7,(a) denotes the first conjugate point
of a relative to (2), a <7,(a) <n.(a)+e. To complete the proof it needs merely to be
shown that ¥,(a)>7,(a)—e.

Suppose ‘this were not the case. Then #,(a) <7,(a)—e. Then, by Theorem 1
again, there is a solution ¥';(x) of (2) with a simple zero at a whose first n zeros on
[a, 7:(a)+¢/2) are simple zeros. Let these zeros be at a=f, <f,<--- <7, Let
fn+1=min {n,(a) +¢/2, min b> 7, such that ¥',(b)=0}. Again it may be supposed
that e<min {max,c, ., |Yi(¥)| (i=1,2,...,n)}. Hence, by the continuity of
solutions with respect to the coefficients, the solution ¢,(x) of (1) satisfying the
initial conditions ¢®(a)=Y¥{"(a) has n zeros on [a, 7.(a)+¢/2]. This, however, is
impossible since 7,(a) + ¢/2 <7,(a). The proof of the theorem is thus complete.

4. Open, closed and half open intervals. It shall be shown by example that the
interval [a, b) in Theorem 1 cannot in general be replaced by the closed interval
[a, b].

In fact, consider the equation y” +y=0. ,(0) for this equation is achieved by a
solution ¢ with a double zero at 0 and a simple zero at 5,(0). Further it follows
from Theorem 2.5 of [1] that no nontrivial solution with a double zero at 7,(0)
can vanish in [0, 7,(0)). If there were a solution ¥ with three distinct zeros on
[0, 7,(0)] then it would have to vanish at 0 and have a simple zero at 7,(0). Hence
there would exist a solution which is a linear combination of ¢ and ¥ with a zero
at 0 and a double zero at 7,(0), which is impossible. A further discussion of
equations of this type can be found in [1]. The existence of the solution in this
example is an application of

THEOREM 4. Suppose there is a solution of (1) with n zeros on [a, n,(a)], and at
least o zeros in [a, n,(a)), ((a, n1(a)]). Then there is a solution of (1) with a zero of
order at least « at a (n,(a)) and n zeros on [a, 1,(a)].
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Proof. Let s, ={¢ | ¢ is a solution of (1) with » zeros on [a, 7,(a)] and at least «
- zeros in [a, n,(a))}. Let s,={k | there is a ¢ €5, with a zero of order k at x=a}. Let
m=max k € s,. Let s;={k | there is a ¢ € 5, with zero of order m at a and k zeros in
(a, 71(a))}. Let M=max k € s5. Let ¢ be a solution of (1) with zeros at a=1, <1, <
<o <ty=m(a) of orders m=my, m,, ..., m, respectively where «<>; ., m;
En—1<3icom;and M=3, .., m,.

Suppose first that m; <a. Then g>2 since ¢ € 5,. Let ¥ be a solution of (1) with
zeros at a=ty, t,, ..., ty=mny(a) of orders my+1,mqy, ..., my_1—1,n=>; . .m—1,
a total of n—1 zeros in [a, 7;(a)] and a total of >, ., m; 2« zeros in [a, 7,(a)). By
the maximality of m;, ¥ can have no other zeros in [a, 7;(a)]. By Theorem 1 of
[3] there is a linear combination ¥'; of ¥ and ¢ with a double zero at some point
u, €(ty-1, t,). Hence ¥, has zeros at a=1,,...,t,_,, u;, ¢, of orders my,...,
my_;—1,2,n—3;.,m;—1. Thus ¥, € 5, with a zero at a of order m,, and a total
of M +1 zeros in (a, 7,(a)), contradicting the maximality of M. Hence m; 2 «.

The connection between open, closed and half open intervals with regard to
Theorem 1 is shown in the following theorem.

THEOREM 5. The following statements are equivalent:

(a) There is a solution of (1) with n zeros on (a, b).

(b) There is a solution of (1) with n zeros on [a, b).

(¢) There is a largest point a, € (a, b) such that for any c € [a, a,), 1,(c)<b and
for this point ay, v,(a;) ¢ (a, b).

(d) There is a largest point a, € (a, b) such that for any c € [a, a,) there is a solution
of (1) with a simple zero at ¢ whose first n zeros on [c, b) are simple zeros.

Proof. (a) = (b) is trivial. (b) = (c¢) follows since 7,(a) is a continuously in-
creasing function of a (Theorem 2 above and Theorem 7 of [5]). (¢) = (d) follows
from Theorem 1. (d) = (a) is trivial.

5. Solutions with n simple zeros on [a, »,(a)]. The results in this section give a
more complete picture of the situation when there is a solution with n distinct
zeros on [a, n,(a)]. It is trivial to show that if there is a solution with » distinct zeros
on [a, n,(a)] then these zeros are simple zeros.

THEOREM 6. Suppose there is a solution ¢,(x) of (1) with n simple zeros on [a, 7,(a)).
Then there exist solutions ¢z, ¢, . . ., $n_, such that ¢, has n zeros on [a, n,(a)], a
zero at a of order k, n—k — 1 simple zeros in (a, v,(a)) and no other zeros in fa, n:(a)).
Further the zeros of ¢,...(x) in (a, n,(a)) coincide with the first n—k—2 zeros of

$i(x) in (a, b).

Proof. Let the zeros of ¢, be at a=1,<1,< - - - <t,=7,(a) all of order one. Let
¢, be a solution of (1) with a zero at t, of order 2, and simple zeros at t,, t, . . ., t,_o,
a total of n— 1 zeros. Hence ¢, has no other zeros on [a, 7,(a)). If ¢, did not vanish
at n,(a) then, by Theorem 1 of [5], there is a linear combination of ¢, and ¢, with
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a double zero in (¢,_,, ¢,) and simple zeros at ¢,, ..., t,_5, a total of n zeros in
[a, 71(a)) which is impossible. Hence ¢, vanishes at 7,(a). Suppose the existence of
¢, has been established then define ¢, ., to have a zero at a of order k + 1, and have
simple zeros coincide with the first n—k — 2 simple zeros of ¢, in (g, 7,(a)), a total
of n—1 zeros. Again ¢, ., can have no other zeros in [a, 7;(a)) and if ¢, ., did not
vanish at 7,(a) there would be a linear combination of ¢, and ¢, ., with n zeros in
[a, n1(a)), which is impossible. Hence the existence of ¢, ., is established and the
theorem follows by induction.

COROLLARY. Under the hypothesis of Theorem 6 there exist solutions ¢g, ¢s, . . .,
&, _1 such that §, has n zeros on [a, n,(a)], a zero at n,(a) of order k, n—k—1 simple
zeros in (a, n,(a)) and no other zeros in (a, n,(a)l.

LEMMA 10. Suppose there is a solution ¢,(x) of (1) with n simple zeros on
[a, n1(a)). Let ¢y, b3, . . ., b1 be the solutions obtained in Theorem 6. Let the zeros
of 1, ..., bn_1 at ny(a) be of ordersny=1,n,,...,n,_,. Thenn, SnyS -+ - Sny_y.

Proof. Suppose this were not the case. Then there is an index j such that
n;>n;,,. Lettingt,, . . ., t, be as in the proof of Theorem 6 it follows that ¢,(¢, - ;)=0
and ¢,,,(x)#0 for ¢,_;<x <1, Thus, by Theorem 1 of [5], there is a linear com-
bination of ¢, and ¢,,, with a double zero in (¢,.;, ¢,), simple zeros at t,,...,
tn-j-1, and a zero at a of order j. A total of 2+n—j—2+j=n zeros in [a, n,(a))
which is a contradiction to the definition of %,(a).

THEOREM 7. Suppose there is a solution of (1) with n simple zeros on [a, n,(a)].
Then there exists solutions ¥',, Vs, ..., ¥, _1, not necessarily distinct, such that ¥,
has a zero at a of order at least n—k and a zero at n,(a) of order at least k.

Proof. Let ¢y, é,,...,¢,_, be the solution obtained in Theorem 6. Define
Y.x) k=1,2,...,n—=1;j=k, k+1,...,n—=1) by
Fia(d) = a-i(;
¥1(x) = - j(m1(@)bn-j+1(0) = bn_j 4 1(m1(@)Pn - (%), if dr_;.1(mi(@)) # O,
= $n-y+1(x), if ¢r_;41(m(a) = 0;
Wir(x) = ¥ieo1 1(x);
Wei(x) = V1 @) ¥io1 j-1(0) =¥, 1((@) -1 4(x),
it Wi, (ma) # 0 # ¥, ;_1(n(a)),
= ¥io15(x), if Y2, ,(m@) = 0+ Vi, ;_,(n(a),
=%¥_1;-1(x), if ¥, () =0.
The claim is now that ¥, =¥,,. To establish this some properties of the ¥',; will
first be established.

(i) ¥, has a zero at »,(a) of order at least k+ 1 for j> k and of order at least k
if j=k,
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(ii) ¥, has a zero at a of order at least n—j.

These properties will be established by induction on k. :

First let k=1. For j=1 it is obvious. For j>1 the result is also obvious if
$n-5+1m(a)=0.If ¢, _ ;. 1(m(a))#0 then, by Lemma 9, ¢, _(n;(a))#0 and hence
¥,(m(a))=0 and ¥, has a zero of the same order as ¢,_; at a, namely n—j.
This establishes (i) and (ii) for k=1.

Now suppose these properties hold for k=p. Then for k=p+1 and j=p+1,
¥or1p+1(X)=%p p+1(x) hence ¥, ,41(x) has a zero at n,(a) of order at least p+1
and a zero at a of order at least n—(p+1). Hence ¥, ., ,., has the desired proper-
ties. Suppose k=p+1 and j>p+1. If ¥+ 2(n,(a))=0then ¥, ;_, has a zero at
n:(a) of order at least p+2 and a zero at a of order at least n—(j—1)>n—j. Hence
the properties hold in this case. If ¥5* V(n,(a)) =0 ¥ )(n:(@)) then ¥, ;_, has a
zero at 7,(a) of order at least p+2 and a zero at a of order at least n—j. Hence the
properties hold in this case also. If W&* V(n,(a))#0+# V¥ (. (a)) then ¥, ;
obviously has a zero at 7, (a) of order at least p+2 since ¥,;and ¥, ,_, already have
zeros at ;(a) of order p+1. Also ¥, ., ; has a zero at a of order at least n—j since
both ¥, ,_; and ¥, have this many zeros at a. This (i) and (ii) hold in all cases.

These properties give the desired result.

By way of partial converse to the results, the following theorem will be
established:

THEOREM 8. Suppose there are n—1 linearly independent solutions of (1), ¥y, .. .,
Y, _, such that ¥, has a zero at a of order exactly n—k, a zero at n,(a) of order
exactly k and ¥, does not vanish in (a, n,(a)). Then there are n—1 solutions ¢, . . .,
¢, -1 such that ¢, has a zero at a of order exactly [(n—k+2)/2}, a zero at n,(a) of
order exactly [(n—k+1)/2] and exactly k—1 distinct zeros in (a, n,(a)), where [x]
denotes the largest integer not exceeding x. In particular there is a solution, namely
b5 -1, With n simple zeros on [a, y,(a)].

Proof. It will first be established by induction that a sequence ¢,,..., ¢,_; of
solutions exists such that ¢, has a zero at a of order exactly [(n—k +2)/2], a zero at
n,(a) of order exactly [(n—k+1)/2], at least k—1 distinct zeros in (g, n;(a)) and
¢ +1 has at least one more distinct zero in (a, 7;(a)) than é,. The proof will be by
induction on k.

If n is even, then [(n—1+2)/2]=n/2 and [(n—1+1)/2]=n/2, hence ¢, is the
solution ¥, , which exists by hypothesis. If n is odd, then [(n—1+2)/2]=(n+1)/2
and [(n—141)/2]=(n—1)/2, hence ¢, is the solution ¥, , ). Suppose the result
is now established for k=p.

Suppose first [(n—p+2)/2]=(m—p+1)/2. Then ¢, has a zero at a of order
(n—p+1)/2 and a zero at 7,(a) of order (n—p+1)/2 and g— 1= p—1 distinct zeros
in (a, 7;,(a)). Let the zeros of ¢, be at a=t,<t;<--- <t,=n;(a). Then on
(s tier), j=0,...,9—1, |$,|>0. Let m;=maXyey,,,, [$:(¥)], 0=j<g—1, and
let m=miny<;<,-1 M. $, has the same sign on at least [(g+ 1)/2] of the subintervals
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(t)s t;41), =0, ...,9—1. Since —¢, is also a solution it may be assumed that ¢, is
positive on at least [(g+ 1)/2] of these subintervals. If g is even and ¢, is positive
on exactly g/2 of the subintervals, take ¢,>0 on (¢,_;, ¢;). It can also be assumed
that ¥, _, -1y is positive on (a, n:(a)). Let M=maX ez, Yn-p-1y2(x). Then
(m/M)¥Y n_ -1y intersects ¢, at least 2[(g+ 1)/2] 2 g distinct times on (a, 7,(a)).
Hence the function ¢,—(m/M)¥ ,_,_1,2=¢,+1 has at least g=p distinct zeros
on (a, n,(a)), a zero at a of order

. ([p=p+2] n—p—-1\ _n-p+l1 _ n—(p+1)+2]
min ([———-2———]911 3 ) = 3 = 3 )

and a zero at n,(a) of order

min ([n—g+l],n—121—l) _n-p—1 _ [n—(p+1)+l]'

2 2

Suppose now [(n—p+2)/2]=(n—p+2)/2. Then ¢, has a zero at a of order
(n—p+2)/2, a zero at ny(a) of order (n—p)/2 and at least g—12p—1 distinct
zeros in (g, n,(a)). Let the ¢, (0<j<g—1) and the m be as chosen above. ¢, can be
assumed positive on at least [(g+ 1)/2] of the subintervals (¢, ¢,,,), j=0,...,9—1.
If g is even and ¢, is positive on exactly g/2 of the subintervals, take ¢,>0 on
(%05 11). ¥ (n 4+ py2 can be assumed positive on (a, n,(a)). Let M =maXc(a n,@an Tn+pyiz-
Then as in the previous case ¢, ., =¢,—(M/M)¥, , 2.

To complete the proof of the theorem it need only be shown that ¢>p is im-
possible. If g>p then since the number of zeros of ¢, in (a, 7,(a)) is a strictly
increasing function of ., this would imply ¢, _, has at least n—1 distinct zeros on
(@, 71(a)) and hence n zeros on [a, n,(a)) which is impossible and the proof is
complete. ”
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